Let C be a smooth projective irreducible curve defined over a finite field Fq and K = Fq(C). We show that every non-torsion element α ∈ K of degree d over K of a Drinfeld A-module φ defined over a finite extension L of K has canonical heightĥ φ (α) at least c/d, where c is a constant depending only on φ. Similarly, if E/K is a non-constant elliptic curve defined over a function field K = l(C) of a curve C defined over an algebraically closed field l of characteristic 0 or p > 3, we show that every point of infinite order P ∈ E(K) of E of degree d over K has canonical heightĥ E (P ) at least c/d, where c depends only on the degree of the j-map associated to E/K. c d 2 (log d) 2 . Let h = max{1, h(j E )}. This result was improved in [1, Corollary 1.4], where it was proved that there exist absolute effective computable real constants c 5 , c 6 > 0 such thatĥ E (P ) ≥ c 5 h(dD) −3 1 + log(dD) h −2
Introduction
Let α be an algebraic number of degree d over Q and suppose it is not a root of unity. Let h : Q → R be the absolute logarithmic height. Lehmer's conjecture consists in asking for an absolute real constant c > 0 such that h(α) ≥ c d . Although this question remains open, analogues of this conjecture have been considered in other contexts. Let E be an elliptic curve defined over a number field K, j E its j-invariant, K the algebraic closure of K, P ∈ E(K) a point of infinite order andĥ E : E(K) → R its canonical height. Let K(P ) be the field generated over K by the coordinates of P , , otherwise. In section 3 we prove an analogue of this result for non-constant elliptic curves over function fields over algebraically closed fields of characteristic 0 or p > 3.
Let C be a smooth irreducible projective curve defined over a finite field F q of q elements and K = F q (C). The direct translation of Lehmer's conjecture to K is trivial, because the requirement that α is not a root of unity is equivalent to α ∈ K − F q , thus there is a discrete valuation v : K → Z ∪ {∞} of K such that v(α) < 0 and therefore h(α) ≥ 1 d . Another instance of the Lehmer problem is to consider the canonical height h φ : K → R of a Drinfeld A-module φ : A → L{τ } of rank r defined over a finite extension L of K = F q (C). We also have a notion of torsion elements in this context Date: March 22, 2008. This work was partially supported by CNPq research grant 300896/91-3 and Pronex #41.96.0830.00. and we ask for a constant c depending on φ such that for every non-torsion element α ∈ K with [K(α) : K] = d we haveĥ φ (α) ≥ c d . We prove this in section 2 starting with the case where L = K = F q (T ) is the rational function field over F q and A = F q [T ]. The general result is then deduced from this case. Analogues of this type of result were proved in [3] .
Drinfeld modules
Let A = F q [T ] be the polynomial ring in one variable over the finite field F q of q elements, k = F q (T ) its field of fractions and φ :
Let k be the algebraic closure of k and h : k → R the absolute logarithmic Weil height. The global height of the Drinfeld module φ at α ∈ k is defined by (cf.
Analogously to the case of elliptic curves this global height decomposes in a sum of local heights which are defined as follows. Let L = k(α) and M L the set of places of L normalized so that they correspond to discrete valuations v :
It follows from the above definitions that 
Proof. Let S ⊂ M L be the set consisting of the poles of T = a 0 , a 1 , · · · , a r and the zeros of a r . Suppose first that v / ∈ S and v(α) ≥ 0. Then v(φ T (α)) ≥ 0. By induction, for every n ≥ 1, we also have that v(φ T n (α)) ≥ 0, in particular h φ,v (α) = 0. Next suppose that v / ∈ S and v(α) < 0. Then, for every 0 ≤ i < d,
Suppose we have proved that for every integer 1 ≤ m < n we have
Then
Let π v be a local parameter at v and ξ = π mv v be a sufficiently negative power of π v so that v(ξ q r −1 a r ) ≤ 0. The Drinfeld module ψ = ξ −1 φξ is isomorphic to φ and by [9,
Suppose v ∈ S and there exists n 0 = n 0 (φ, v, α) depending on φ, v and α such that v(φ T n 0 (α)) < N φ,v . By the two paragraphs preceeding the last one we conclude
Let n 1 = n 1 (φ, α) = max v∈S n 0 (φ, v, α), this n 1 depends only on φ and α. It follows from the non-negativity of the local height functions that
, β is not a torsion element for φ} is finite. Note that for every β ∈ T we have
. This n 2 depends on φ and T , which itself depends on α. Observe that for every γ ∈ k is a non-torsion
] this is a finite set and T ⊂ T ′ . In particular, n 3 = max β∈T ′ n 1 (φ, β) ≥ n 2 . Furthermore, this n 3 = n 3 (φ) depends only on φ. The theorem now follows by taking c φ = q −n3r .
2.1. The general case. The Lehmer problem for Drinfeld modules can be formulated in a more general set-up and its proof is reduced to that of Theorem 2.1. Let C be a smooth projective irreducible curve defined over a finite field F q of q elements. Let ∞ be a fixed place of K = F q (C), A the ring of functions in K which are regular everywhere except at ∞, v ∞ : K → Z ∪ {∞} the normalized discrete valuation associated to ∞ and d ∞ the degree of ∞. For any a ∈ A, let deg(a) = −d ∞ v ∞ (a). Let L be a finite extension of K which is considered as an A-module through the inclusion A ⊂ L. A Drinfeld A-module of rank r defined over L is a ring homomorphism φ : A → End L (G a ) ∼ = L{τ } such that for every a ∈ A, deg(φ a ) = q r deg(a) and the constant term of φ a is a itself.
Let a ∈ A − F q . The global height of α ∈ K is defined as (cf. [2, §2] )
, v(φ a n (α))} deg(φ a n ) .
As observed in [9, Proposition 3] these heights are independent of the choice of a ∈ A − F q . The Dedekind domain A is a finitely generated F q -algebra. Let A the the set of generators of A as an F q -algebra, T ∈ A, deg(T ) = d T and φ T = T + a 1 (T )τ + . . . + a rdT (T )τ rdT . Let α ∈ K be a non-torsion element for φ with [K(α) :
Replacing the a i 's in the proof of Theorem 2.1 by the a i (T )'s and taking into account the degree of T we obtain (in a similar vein)
Elliptic curves
Let C be a smooth irreducible projective curve defined over an algebraically closed field l of characteristic 0 or p > 3, let K = l(C) be its function field and K its algebraic closure. Let E/K be a non-constant semistable elliptic curve defined over K, ϕ E : E → C its minimal semi-stable regular model, j E : C → P 1 the j-map induced by ϕ E andĥ E : E(K) → R its canonical height.
Let P ∈ E(K) and L = K(P ) the field generated by K and the coordinates of Lemma 3.1. [5, Proposition 1.3] Let A, N ≥ 1 be integers, Q 0 , · · · , Q 6AN ∈ E(L v ) distinct points. Then there exists P 0 · · · , P N ∈ {Q 0 , · · · , Q 6AN } such that for each i = l,
96d } and suppose #S > 24. Let A = 2 and N + 1 = [ #S 12 ] > 1 the integral part of #S 12 , then 1 < N + 1 ≤ #S 12 . So we can choose 12N + 1 distinct points Q 0 , · · · , Q 12N +1 in S. By Lemma 3.1 there exist P 0 , · · · , P N ∈ {Q 0 , · · · , Q 12N +1 } such that λ v (P i − P l ) ≥ 1 24 v + (j −1 E ) for i = l. It follows from the triangle inequality that
Hence, by (3.1) and (3.2),
Remark 3.3. We used the fact that l is algebraically closed just to ensure that the poles of j E have all degree 1.
As a consequence of Proposition 3.2 we obtain a theorem which simultaneously deals with the Lehmer and the Lang problems for elliptic curves over function fields. Recall that the Lang problem is to find a constant c > 0 depending on E/K such that for every non-torsion point P ∈ E(K) we haveĥ E (P ) ≥ cd E/K . 1) , where g denotes the genus of K, they obtain an absolute constant c. However, our constant is greater than theirs, thus improving the result. In the case where d E/K < 24(g − 1), their constant depends exponentially on g, whereas ours is absolute and improves the constant part of their bound. Nevertheless, we have just proved Lang's conjecture in the case of semi-stable elliptic curves. Inspired on [6, Theorem 0.2] we had previously proved Lang's conjecture for semi-stable elliptic curves over function fields of positive characteristic [7, Theorem 5] using [5, Proposition 1.2]. First, the bounds we obtained there do not have absolute constants, they depended not only on g but also on the inseparable degree of j E . Furthermore, the present bound improves their constant parts. The reason for obtaining an absolute constant is that [5, Proposition 1.3] gives a lower bound which depends only on the choice of a positive integer A, however the lower bound of [5, Proposition 1.2] depends on the number N + 1 of points P 0 , · · · , P N chosen in E(L v ) (cf. [7, proof of Proposition 3]).
Another consequence of Proposition 3.2 is a bound for the order of the torsion group E(K) tor . [4, Theorem 13] , but the result extends to algebraically closed fields of characteristic p > 3 and we also obtained a bound (cf. [7, Theorem 7] ) using [7, Proposition 3] . In the case of characteristic 0, the upper bound depended on d E/K . Using Szpiro's theorem on the minimal discriminant of elliptic curves over function fields [13, Théorème 1] , i.e., d E/K ≤ 6p e (2g − 2 + f E/K ), where p e is the inseparable degree of j E and f E/K is the degree of the conductor divisor of E/K, it follows an upper bound whose constant part is worse than the bound of Corollary 3.7. The bounds in characteristic p (in the semi-stable case) were σ 2 E/K , respectively 2σ 2 1) , then (using again [13, Théorème 1]) σ E/K ≤ 12p e and otherwise σ E/K ≤ d E/K < 24p e (g − 1). Not only is the bound of Corollary 3.7 absolute, but also it is better than the estimates for σ 2 E/K . The result now follows from (3.10) and #E(K) tor ≤ 24.
Remark 3.12. Observe that the bounds of Theorem 3.11 are a worse than those of Theorem 3.9.
